ABSTRACT. In this paper we prove that given a pair (X, D) of a threefold X and a boundary divisor D with mild singularities, if (K X + D) is movable, then the orbifold second Chern class c 2 of (X, D) is pseudo-effective. This generalizes the classical result of Miyaoka on the pseudo-effectivity of c 2 for minimal models. As an application we give a simple solution to Kawamata's effective non-vanishing conjecture in dimension 3, where we prove that H 0 (X, K X + H) = 0, whenever K X + H is nef and H is an ample, effective, reduced Cartier divisor. Furthermore, we study Lang-Vojta's conjecture for codimension one subvarieties and prove that minimal varieties of general type have only finitely many Fano, Calabi-Yau or Abelian subvarieties of codimension one, mildly singular, whose classes belong to the movable cone.
INTRODUCTION
Nef vector bundles are known to satisfy Chern classes inequalities [DPS94] . A theorem of Miyaoka [Miy87] states that if X is a normal projective variety smooth in codimension 2 and E is a torsion free sheaf which is generically semipositive with respect to the polarization (H 1 , . . . , H n−2 ), (H i ample on X) and det E is Q-Cartier and nef, then c 2 (E ) · H 1 . . . H n−2 ≥ 0.
Moreover, if X is a smooth projective variety with K X pseudoeffective, then Ω X is generically semipositive as a consequence of [Miy87] and [BDPP13] . In particular, if X is a smooth projective variety with K X nef then
The conclusions of Theorem 1.4 still holds, if we replace the very ampleness assumption on H by the following conditions: the divisor H is Cartier, big and nef, and up to integral linear equivalence, effective and reduced (see Theorem 6.1). We prove this more general statement in Subsection 6.1. The same conclusion is stated in [Hör12] under the weaker assumption that H is a nef and big Cartier divisor. The proof relies on an inequality similar to that of Theorem 1.1 but under the weaker assumption that the first Chern class is nef in codimension one. It seems that there is a gap in the proof of that inequality, but according to the author one can get rid of this assumption and use only the classical setting with a nef polarization.
A second application is given in section 8 on Lang-Vojta's conjectures about subvarieties of general type varieties: there should exist a proper subvariety containing all its subvarieties not of general type.
In particular, a variety of general type should have only finitely many codimension-one subvarieties not of general type. We prove this in the movable case. We remark that a stronger statement is claimed in [LM97] since above inequalities are stated under the much weaker assumption that K X + D is pseudoeffective. Unfortunately, the proof seems not to be complete. 
B(D + A).
Definition 2.1. Let X be a normal variety. The movable cone Mov 1 (X) ⊂ N 1 (X) is the closure of the cone generated by the classes of all effective divisors D such that B − (D) has no divisorial components.
The following proposition gives a better picture of this setting. 2.2. Stability with respect to movable classes. Now we introduce the notion of movable curves which generate the cone dual to the pseudoeffective cone. Movable classes form a natural setting for the notion of stability of coherent sheaves (see [CP11] and [GKP15] ). We shall now recall the basic definitions and properties.
Definition 2.4. Assume that X is Q-factorial and let γ ∈ Mov 1 (X). The slope of a coherent sheaf E with respect to γ is given by
Definition 2.5. We say that E is semistable with respect to γ if µ γ (F ) ≤ µ γ (E ) for any coherent subsheaf 0 F ⊂ E . 2.3. Q-twisted sheaves. It will be quite useful in the sequel to work in the more general setting of Q-twisted sheaves as introduced in [Miy87] .
Definition 2.7 (Q-twisted sheaves). A Q-twisted sheaf is a pair E B , where E is a coherent sheaf and B is a Q-Cartier divisor.
Notation 2.8. Let X be a normal projective variety and F a coherent sheaf on X of rank r. Let D be a Weil divisor in X such that det(
Let X be a normal projective variety which is smooth in codimension 2 and E a reflexive sheaf. Then one can define Chern classes c 1 (E ) and c 2 (E ).
We recall the usual formulas for Chern classes of Q-twisted sheaves.
Definition 2.9 (Chern classes of Q-twisted sheaves). Let E B be a Q-twisted locally-free sheaf of rank r.
Semipositivity extends naturally to this setting.
Definition 2.10 (Semipositive Q-twisted sheaves). Let X be a normal projective variety and γ ∈ Mov(X). A Q-twisted, torsion-free sheaf E B is said to be semipositive with respect to γ, if for every torsion-free, Q-twisted, quotient sheaf
We also have a Bogomolov-Gieseker inequality for semistable Q-twisted sheaves.
Proposition 2.11 (Bogomolov-Gieseker inequality for semistable Q-twisted sheaves). Let S be a smooth projective surface. Let E B be a Q-twisted locally-free sheaf on S of rank r and A ∈ Amp(X) Q . If E B is semistable with respect to A, then E B verifies the Bogomolov-Gieseker inequality:
Proof. Let h : T → S be the morphism adapted to B so that E T := h * ( E (B) ) is locally-free. Define K := Gal(T/S). Notice that as the maximal destablizing subsheaf of h * (E T ) is unique, it is K-invariant. As a result, E T is semistable with respect to A T := h * A. Inequality 2.11.1 now follows from the standard BogomolovGieseker inequality for semistable locally free sheaves.
2.4. Orbifold basics. Important objects for us will be "orbifolds", following the terminology of Campana [Cam04] : an orbifold is simply a pair (X, D), consisting of a normal projective variety and a boundary divisor
Definition 2.12 (Pull-back of Weil divisors). Let f : Y → X be a finite morphism between quasi-projective normal varieties X and Y. We define pull-back
To define classical objects for orbifolds, it is quite convenient to use adapted morphisms. 
induced by the natural residue map. We define the orbifold cotangent sheaf Ω
), where i Y • is the natural inclusion. We define the orbifold tangent sheaf
) * .
RESTRICTION RESULTS FOR SEMISTABLE SHEAVES
Let h = (H 1 , . . . , H n−1 ) be an ample polarization on a normal projective variety X of dimension n and E be a torsion free sheaf. A theorem of Mehta-Ramanathan [MR82] states that if m is large enough and Y ∈ |mH n−1 | is a generic hypersurface, then the maximal destabilizing subsheaf of E | Y is the restriction of the maximal destabilizing subsheaf of E .
It is natural to try to extend this restriction theorem to movable polarization. Unfortunately, it will fail in general as shown by the following example of [BDPP13] . If X is a projective K3 surface then its cotangent bundle Ω X is not pseudo-effective. This gives the existence of movable curves for which the restriction theorem is not true.
In this section, we will prove a restriction theorem for some strongly movable curves (see Proposition 3.3 below). The following Lemma will serve as the key technical ingredient in the proof of this result.
Lemma 3.1 (Induced destablizing subsheaves on higher birational models). 
where E ′ is an exceptional divisor.
Proof. First we notice that by arguing inductively we may assume, without loss of generality, that π : S → S is a blow up of a single point in S. Let F S be the pull-back π * F S . We divide the proof into various cases depending on the ranks of F S and G S , aiming to show that 
So we may assume that there is no nontrivial morphisms from G S to F S . Aiming for a contradiction, consider the exact sequence 0
It thus follows that
On the other hand, as G S is semistable, from the exact sequence 0
Case. 2. (rank( F S ) = 2 and rank( G S ) = 1). We claim that this case does not occur. First we notice that if µ
Now, since F S is semistable with respect to the nef divisor P S ⊂ S, we know that it verifies the Bogomolov-Gieseker inequality, that is
and therefore so does π * (F S ). As the Bogomolov-Gieseker descriminant is invariant under twisting with invertible sheaves, we have 4 · c 2 (
(Notice that as π * (F S ) has the same rank as F S , and since
sheaves F S and π * F S are isomorphic.) Thanks to Bogomolov's instability theorem, cf. [Rei77, Thm. 1], it follows that F S is semistable with respect to A S . As G S is of rank one and since it verifies the slope inequality
, the semistability of F S excludes the existence of a nontrivial morphism from G S to F S . As a result, there is a nontrivial morphism v :
Since rank( G S = 1), and as we are only concerned with the slope with respect to the ample divisor A S , we may assume that v : G S → L is an injection and that
On the other hand as F S properly destablizes π * E S so that
But this contradict the assumption that G S is the maximal destablizing subsheaf of π * E S .
Case. 3. (rank(F S ) = 1).
We divide the proof of this case into two subcases based on the existence of a nontrivial morphism from F S to G S .
Subcase. 3.1. (No nontrivial morphisms exist).
In this case for the projection p :
we have that rank(Image(p)) = 0. Again, as we are only concerned with the slope of the sheaves F S and Q, we may assume with no loss of generality that p is an injection and that F S ⊆ Q. On the other hand, we know, thanks to the assumption that G S properly destablizes π * E S (with respect to A S ), that
By combining the two inequalities 3.1.3 and 3.1.4 we find that
, contradicting the assumption that F S destablizes E S with respect to P S .
Subcase. 3.2. (A nontrivial morphism exists).
Let j : F S → G S be a nontrivial morphism. As G S has no torsion, the sheaf morphism j is an injection in codimension one. Moreover since we are only concerned with slope of the image j with respect to A S , we may assume with no loss of generality, that j is globally an injection. After identifying F S with its image (under j), we write F S ⊂ G S . Our aim is now to show that this set-up for G S and F S leads to a contradiction and that this subcase does not occur, unless
Let G S be the locally-free sheaf on S defined by the coherent extension of (π| S\ Exc(π) ) * ( G S ) onto S. Thanks to the reflexivity of both F S and G S , we have the inclusion of locally free sheaves F S ⊂ G S . In particular rank( G S ) = 2. Furthermore, we have π * (F S ) ⊂ π * (G S ) and that, for some a ∈ Z, the isomorphism
Here, the divisor E is the (irreducible) exceptional divisor. Notice that we have
otherwise G cannot be the maximal destablizing subsheaf of π * E S . Therefore a ≥ 0.
Claim 3.2. Let F S be the saturation of F S inside G S . There exists a positive integer b ≥ a for which the isomorphism
holds.
Proof of Claim 3.2. First notice that we have
Using Claim 3.2, and by construction of F S , we get the following sequence of inequalities.
As G is semistable, the inequality in 3.2.1 yields the desired contradiction.
The next proposition is the main result in this section, proving a restriction theorem for semistable sheaves with respect to a particular set of movable classes. As we shall see later in Section 5, these classes naturally arise in the context of positivity problems for second Chern classes. 
Proof. Let π : X → X be the birational morphism and X the smooth projective variety with ample ample divisor A ⊂ X in Proposition 2.2 associated to the Fujita approximation of the big divisor P + H 2 , i.e.
Now, let N 1 ∈ N + be a sufficiently large and divisible integer such that for every 
The positive integer N 1 exists, thanks to Bertini theorem and Langer's restriction theorem for stable sheaves, cf. [Lan04] .
Step. 1. (Reflexivity assumption). By Bertini theorem and [DG65, Thm. 12.2.1], and as P ∈ Mov 1 (X) Q , there exists a positive integer N 2 such that for every sufficiently divisible n 2 ≥ N 2 there exist a Zariski open subset V n 2 ⊂ |n 2 · H 1 | where every S ∈ V n 2 satisfies the three Properties (3.3.1), (3.3.2) and (3.3.3). We can also ensure that every S ∈ V n 2 is transversal to the exceptional centre of π. Furthermore, as P| S is nef, we can find N 3 ∈ N + such that each divisible n 3 ≥ N 3 , the general member of γ ∈ |n 3 · (P + H 2 )| S | is smooth and is contained in an open subset of X over which the HN-filtration of E (with respect to (H 1 , P + H 2 )) is a filtration of E by locally-free sheaves. Therefore, to prove that Property (3.3.5) is verified by γ, we may assume, without loss of generality, that E is reflexive.
Step. 2. (Construction of S and γ).
Let m ∈ N + be sufficiently divisible integer verifying the inequality m 1 ≥ M 1 := max{N 1 , N 2 }. After shrinking V m 1 , if necessary, we have, for every S ∈ V m 1 (defined in Step. 1), that S := π * (S) ∈ U m .
Let M 2 ≥ N 1 be a sufficiently large and divisible integer such that for every m 2 ≥ M 2 there exists a Zariski open subset V m 2 ⊂ |m 2 (P + H 2 )| S |, where every curve γ ∈ V m 2 is smooth and if E | γ is not semistable, then E S := E | S is not semistable with respect to (P + H 2 )| S and that
The existence of such M 2 us guaranteed by Mehta-Ramanathan restriction Theorem, cf. [MR82] . Now, to prove the proposition, it suffices to show that if E is semistable with respect to (H 1 , P + H 2 ), then so is E | γ . So let us now assume that E is indeed semistable. The next step is devoted to proving that E | γ is also semistable.
Step. 3. (Extension of maximal destablizing subsheaves) . Aiming for a contradiction, assume that E | γ is not semistable. Then, by our construction in Step. 2, it follows that E S is not semistable with respect to (P + H 2 )| S ≡ (1/m 2 ) · γ and that the maximal destablizing subsheaf F S ⊂ E S restricts to the one for E | γ . Note that F S , being saturated inside E | S , is locally-free. By applying Lemma 3.1 to π| S : S → S, with A S := A| S , we find that the maximal destablizing subsheaf G S of (π| S ) * (E S ) with respect to A S is of the form
for some exceptional divisor E ′ . As m 2 ≥ N 1 , by the construction in Step. 1, it follows that G S = G | S , where G is the maximal destablizing subsehaf of π * (E ) with respect to (π * H 1 , A). Let G ⊂ E be the reflexive sheaf on X defined by the coherent extension of the sheaf (π| X\ Exc(π) ) * ( G ) onto X. We have, by the construction of the sheaves G , G S , G , F S and the fact that S is transversal to the exceptional centre Y ⊂ X, that
As the construction of G , and hence G , is independent of the choice of S, by shrinking V m 1 , if necessary, we can ensure that G | S is reflexive. The isomorphism in (3.3.9), together with the fact that G | S and F S are both reflexive, implies that G | S ∼ = F S . As F S destablizes E | S with respect to (P + H 2 ), it follows that G ⊂ E is a properly destablizing subsheaf with respect to (H 1 , P + H 2 ), contradicting the semistability assumption on E . In another direction, and following arguments verbatim to those in the proof of Proposition 3.3, we can remove the restriction on the dimension, that is the consequences of Proposition 3.3 are still valid, if X is of dimension n ≥ 3 and the polarization is (H 1 , H 2 , . . . , (P + H n−1 )), for any H 1 , . . . , H n−1 ∈ Amp(X) Q .
As an immediate consequence we establish a Bogomolov-Gieseker inequality for (Q-twisted) sheaves that are semistable with respect to movable classes of the form that appear in Proposition 3.3. Although we do not use this inequality in the rest of the paper, we find it to be of independent interest.
Proposition 3.5 (Bogomolov-Gieseker inequality in higher dimensions). Let X be an n-dimensional, normal projective variety that is smooth in codimension two and E B a Q-twisted, reflexive sheaf of rank at most equal to 3 on X. If E B is semistable with
respect to (H 1 , P + H 2 ), where H 1 , H 2 ∈ Amp(X) Q and P ∈ Mov 1 (X) Q , then
Proof. This is an immediate consequence of the restriction result in Proposition 3.3 together with Proposition 2.11 (and Remark 3.4).
SEMIPOSTIVITY OF ADAPTED SHEAF OF FORMS
In [CP16] Campana and Pȃun remarkably prove that the orbifold cotangent sheaf of a log-smooth pair (X, D) is semipositive with respect to movable curve classes on X (see Theorem 4.1 below). Currently it is not clear if this result can be easily extended to the case of singular pairs. In the present section we show that, for a special subset of mobile classes, the generalization to singular pairs can be achieved by essentially reducing to the smooth case. is semipositive with respect to f * (γ).
In the next proposition we slightly refine Theorem 4.1 for a class of movable 1-cycles that we call complete intersection 1-cycles. We say that γ ∈ Mov 1 (X) Q is a complete intersection 1-cycle, if there are classes B 1 , . . . , B n−1 ∈ N 1 (X) Q such that γ is numerically equivalent to the cycle defined by (B 1 · . . . · B n−1 ) ∈ N 1 (X) Q . As we will see later in Section 5, such classes appear naturally in our treatment of the pseudo-effectivity of c 2 . is semipositive with respect to g * γ.
Proof. Assume that Z is not smooth, otherwise the claim follows from the arguments of Campana and Pȃun, cf. [CP16] . 
Aiming for a contradiction, assume that Ω is not semipositive with respect to g * γ, that is there exists a reflexive subsheaf G Z ⊂ Ω such that (4.2.1)
. As γ is, numerically, a complete intersection cycle, we can use the projection formula to conclude that
is not semipostive with respect to h * γ. Now, let
։ F W be the torsion free quotient having the minimal slope with the kernel G W :
Let G := Gal(W/Y). Notice that by the construction of f , we have Ω 
Now by taking the G-invariant sections of Sequence 4.2.3 we find
Again, by using the projection formula we find that Ω 1
is not semipositive with respect to f * γ, contradicting Theorem 4.1.
The next proposition is the extension of Theorem 4.1 to a special class of complete intersection, movable 1-cycles on a mildly singular X. For simplicity, and as the arguments are identical in higher dimensions, we only deal with the case when dim X = 3. Denote H Y,i = f * (H i ), for i ∈ {1, 2} and P Y = f * (P).
Now, aiming for a contradiction, assume that Ω
is not semipositive with 
In other words there exists a torsion-free quotient sheaf
Consider the logarithmic ramification formula
, where a i ∈ Q + and, thanks to the assumptions on the singularities,
Furthermore, as γ is away from the exceptional centre of π and since G is supported on the exceptional locus of π, we have
As a result, for the inclusion
, we find
contradicting Proposition 4.2.
PSEUDO-EFFECTIVITY OF THE ORBIFOLD c 2
In [Miy87] Miyaoka famously proved that c 2 of a generically semipositive sheaf with nef determinant is pseudo-effective. In particular, and thanks to his result on the semipositivity of cotangent sheaves, he established the pseudo-effectivity of c 2 (X) of a minimal model X. Our aim in this section is to generalize this result to the case of pairs (X, D) with movable (K X + D) (Corollary 5.2) by first extending Miyaoka's result on pseudo-effectivity of c 2 of semipositve sheaves. 
Following the arguments of Miyaoka, we now consider two cases based on stability of E S 1 c · H S . First we consider the case where E S 1 c · H S is semistable with respect to β. Here, the semi-positivity of c 2 follows from Bogomolov-Gieseker inequality for for Q-twisted locally-free sheaves (Proposition 2.11). So assume that E S 1 c · H S is not semistable with respect to β. Let
be the the Q-twisted HN-filtration E S 1 c H S . Denote the semistable, torison-free, Q-twisted sheaves
c · H S denote its reflexivization. As the Q second Chern character ch 2 (·) is additive, we have
where the last inequality follows from the fact that c 2 (
. Now, by applying the Bogomolov inequality 2.11 to each semistable, Q-twisted sheaf
.
By definition we know that
where the last inequality follows from semi-positivity of E S 1 c H S . From the equality 5.1.5 it follows that (5.1.7)
As α i ≥ 0, for each i, the equality 5.1.7 implies that α ≤ 1. On the other hand, according to Hodge index theorem we have
Substituting back into inequality 5.1.4 we find
The inequality c 2 (E S ) ≥ 0 now follows by taking the limit c → ∞.
As an immediate consequence we can now prove the pseudo-effectivity of c 2 for the orbifold cotangent sheaves of pairs (X, D) in dimension 3, with movable K X + D and only isolated singularities. 
, the corollary is a direct consequence of Proposition 5.1 together with Proposition 4.3. 5.1. Positivity of orbifold c 2 for log-minimal models. We would like to point out that once we assume that (K X + D) is nef, then an easy adaptation of the original results of Miyaoka to the case of orbifold Chern classes, together with semipositivity result of [CP14] leads to the following theorem. 
where A ⊂ X is any ample divisor.
AN EFFECTIVE NON-VANISHING RESULT FOR THREEFOLDS
The goal of this section is to prove the following non-vanishing result which is stronger version of Theorem 1.4. Proof. As usual, a key element in the proof is the Hizerbruch-Riemann-Roch for
Standard Chern class calculations then show that there is an equality
, as linear form on N 1 (X) Q . Substituting back to Equality 6.2.5, we find that the equality
holds, which then simplifies to
On the other hand, as X is terminal, we know, thanks to [Kaw81, Lem. 2.3] (see also [KM98, Cor. 5 .39]), that
After substituting 6.2.8 in 6.2.6 we find:
where we have used the assumption that (D + A) is nef and the pseudo-effectivity of c 2 (Theorem 5.3). Now, substituting back into Equation 6.2.7, we get
Again, by using Corollary 5.2 and the nefness assumptions on (K X + D + A) and (K X + A), we find that
as required. Notice that X 2 has only canonical singularities. Now, let π : X → Y 2 be a terminalization of Y 2 . Set A := π * ( A 2 + E 2 ). As π is small, (K X + A) is also nef and big. The strict positivity of the right-hand side of the ineqiality 6.2.1 immediately follows: First we rewrite the right-hand side of 6.2.1 as 
Finally, if r 1 = 1, a classical lemma of Bogomolov implies that E 1 S ⊂ Ω S (log f −1 ⌈∆⌉ |S ) has Kodaira dimension at most one. Therefore c 2 1
Therefore, one obtains
Assuming that (K X + D) is nef, then an easy adaptation of the original results of Miyaoka to the case of orbifold Chern classes, together with semipositivity result of [CP14] leads to the following theorem. 
Theorem 7.2. Let X be a projective klt variety of dimension n and D
= ∑(1 − 1/a i ) · D i , a i ∈ N + ∪ {∞}, an effective Q-divisor such that (X, D) is lc. If (K X + D)c 1 (Ω [1] (Y, f ,D) ) 2 · f * (H 1 . . . H n−2 ) ≤ 3c 2 (Ω [1] (Y, f ,D) ) · f * (H 1 . . . H n−2 ).
REMARKS ON LANG-VOJTA'S CONJECTURE IN CODIMENSION ONE
A classical conjecture of Lang states that on a variety of general type, there exists a proper subvariety which contains all its subvarieties not of general type. In particular, X should have finitely many codimension-one subvarieties not of general type.
In this section, we will prove a particular case of this conjecture, under some assumptions: in particular the codimension-one subvariety should be a movable class and have only canonical singularities.
First, an immediate application of the inequality 7.1 gives the following theorem. 
